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OBJECTIVES

The objective of the effort sponsored by the present contract consisted of the
development of fast and accurate algorithms for the evaluation of
electromagnetic scattering for frequencies throughout the electromagnetic
spectrum. To this end, a central focus of the research related to the development
of new high-order integral equation methods that would allow for accurate and
efficient approximations of full-wave solutions in high-frequency applications. The
novel algorithms that we have thus developed under the sponsorship of AFOSR
can, in fact, be thought of as providing a means to rigorously connect numerical
approximations from very low to very high frequencies. Indeed, at the lower end,
the resulting approach possesses the desirable characteristic that it seamlessly
reduces to any standard integral equation solver as the frequency decreases.
Moreover, at the other extreme, the procedure is based on the use of a
geometrical optics (GO) ansatz (or of the related physical optics or geometrical
theory of diffraction approximations) for the unknown surface currents and, thus,
it naturally couples to classical approximate high-frequency solvers. As a result,
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advances in the development of fast and accurate algorithms that are applicable
at each end of the spectrum also impact the performance of the overall
infrastructure and they therefore also constituted a subject of concurrent
research. In more detail, specific objectives included:

(1) the development of a fast and high-order method for the solution of
general, penetrable scattering problems in the low-to-moderate frequency
regime. Advances in this area were based on the design of a methodology
that allows for the numerical approximation of the solution of the relevant
(volumetric) integral-equation formulation with tunable convergence orders
while retaining a computational cost that grows nearly linearly with the
number of unknowns. The approach relies on the integration of accurate
schemes for the treatment of (thin volumes near) material interfaces with
efficient FFT-based techniques for the evaluation of the interaction
between degrees of freedom away from these.

(2) the development of high-order methods for the solution of approximate
high-frequency models. Work in this connection concentrated on the
design of effective approximation strategies for the GO solution that rely
on Eulerian discretizations in phase-space, and on the development of
spectrally accurate (inverse) ray tracing schemes in the physical domain.
For the former, emphasis was placed on the development of techniques
that can accurately handle material interfaces (to retain accuracy) and that
capitalize on the smoothness of solutions in phase-space (which enables
the use of rapidly convergent approximations). In connection with ray
tracing, our effort focused on the implementation of novel spectral
procedures for two- and three-dimensional calculations.

(3) the development of general error-controllable high-frequency scattering
solvers. The rather ambitious objective of this program was to derive
numerical approximation techniques that allow for the prediction of
electromagnetic signatures at arbitrarily large frequencies with prescribed
accuracy and using discretizations that are independent of frequency, that
is, without having to resolve on the scale of a wavelength. In other words,
the objective here was to produce an algorithm that displays the
advantageous properties (frequency-independent discretizations) of GO
solvers (e.g. such as those related to (2) above) while retaining the most
desirable characteristics (error-controllability) of rigorous methods (cf. (1)).



STATUS OF EFFORT

Referring to the numbering above, accomplishments include:

(1) the development of both two- and (scalar) three-dimensional versions of
the integral-equation-based penetrable scattering solvers. As we
mentioned, the schemes rely on a separate treatment of "thin volumes"
near material interfaces and "bulk volumes" away from these. For the
former, high-order accuracy is attained using high-order quadratures
based on suitable changes of variables to account for the (singular)
interaction between "adjacent" (i.e. nearby) degrees of freedom; (regular)
non-adjacent interactions, on the other hand, are computed efficiently
through the use of "equivalent sources" on Cartesian grids and FFTs.
Parallel implementations were also realized, as the separation into
adjacent and non-adjacent interactions is naturally amenable to parallel
calculations, with local interactions concurrently evaluated and with long-
range effects accounted for with standard parallel FFT codes. The bulk,
volumes, on the other hand, are easier to handle as their smoothly varying
optical properties allow for the use of spectral methodologies, again based
on FFTs (though care must, of course, be exercised in the discretization of
the singular integrals). Finally, the use of Fourier transforms on Cartesian
grids further enables the rapid evaluation of the cross interaction between
thin and bulk volumes (see Appendix A). [Work with graduate student A.
Anand - not supported by this contract]. In addition to these advances we
have further attained initial implementations of extensions to three-
dimensional vector scattering and composite (e.g. stratified) models which
include, in the latter case, efficient evaluation mechanisms for the
appropriate Green function. [Work with graduate student Jiaqi Yang -

supported by this contract].

(2) the design of schemes of arbitrarily high-order accuracy for two- and
three-dimensional evaluations of GO solutions. These include
approximation procedures for solutions defined in both physical and
extended "phase space". The former rely on a spectral (inverse) ray
tracing algorithm (localized, in three dimensions), while the latter is based
on Fourier expansions in the phase variables and on discontinuous
Galerkin (DG) approximations of the resulting (hyperbolic) system for the
Fourier coefficients. In connection with the phase space solutions, a nearly
optimal implementation for cylindrical geometries was attained which
includes: (i) the ability to work with general unstructured meshes; (ii) the
use of Galerkin bases on these constructed from Jacobi polynomial with
natural orthogonality characteristics, and of specialized quadratures that
enable arbitrarily accurate integration; (iii) the employment of sparse
matrix storage/multiplication to allow for rapid evaluations; (iv) the
incorporation of isoparametric elements which, as we have shown, avoid
the spurious oscillations that arise on the use of polygonal/polyhedral
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boundary approximations and thus allow for the retainment of high-order
accuracy in the presence of curved reflecting boundaries; and (v) the
integration of (p-) adaptivity strategies that significantly improve on the
efficiency of the overall approach (see Appendix A).. [Work with
postdoctoral associates J. Qian, J. Wang and C.-Y. Kao and Prof. B.
Cockburn - not supported by this contract]. As for the spectral GO solver
in physical space, we have also completed initial implementations for
general two- and three-dimensional geometries. A significant challenge in
this connection related to the accurate evaluation of (singular) reflected
fronts that do not illuminate the entire scatterer; following our overall
philosophy, our solution strategy is based the use of appropriate cut-off
functions and spectral interpolations in parametric space. [Work with
graduate student A. Anand - not supported by this contract].

(3) significant advances in the design and implementation of new schemes for
the simulation of (i) three-dimensional rough-surface scattering at high-
frequencies that greatly improves on the classical Kirchhoff approximation
(KA), at a very modest additional cost; and (ii) high-frequency scattering
from cylindrical, and general bounded three-dimensional geometries that
rigorously accounts for every effect, including shadowing and multiple
scattering. As we further explain below, in connection with the solvers
corresponding to (i) above, a focus over the course of this contract related
to the implementation of (integral-equation) schemes based on high-order
expansions of surface currents in inverse powers of the wavenumber for
the solution of the full Maxwell equations in three space dimensions, and
the incorporation of these methods into a new, high-order strategy for the
solution of scattering problems off multi-scale surfaces [work with
graduate student C. Turc - not supported by this contract]. In addition,
significant advances were made, specifically in connection with the
evaluation of the relevant (quasi-periodic) Green function, towards a more
general rough-surface scattering solver that incorporates some of the
ideas developed in connection with (ii), to deliver a spectrally accurate
algorithm that allows for frequency-independent discretizations [work with
graduate student H. Kurkcu - supported by this contract]. In connection
with high-frequency techniques for bounded-obstacle scattering
applications, our effort was largely devoted to the development of
algorithms applicable to cylindrical geometries and to their extension to
allow for the treatment of general three-dimensional configurations. The
resulting implementations include: (a) an integration with GO solvers to
garner phase information for the unknown surface currents; (b) a suitable
localization procedure to enable approximate quadratures with a
frequency-independent computational cost; (c) an accurate treatment of
shadowing transitions through their exact resolution; and (d) the
incorporation of an iterative procedure to account for multiple scattering
(see Appendix A). Due to its significance in general scattering
calculations, substantial additional effort was devoted to the latter issue of

4



multiple scattering effects, which resulted in: (i) a rigorous analysis of the
convergence of multiple scattering iterations for interacting two- and three-
dimensional surfaces, and its use in the development of strategies that
accelerate their convergence [work with graduate student F. Ecevit -

supported by this contract]; (ii) the development of preconditioning
techniques based on an "iterated KA", and the implementation of schemes
to further accelerate the convergence of the iterations (via more
sophisticated schemes for the solution of linear systems, such as
ORTHODIR, GMRES, etc), [work with post-doctoral associate Y.
Boubendir - not supported by this contract]; and (iii) the design of an
alternative strategy to account for multiple reflections that allows for their
simultaneous (rather than iterative) determination [work with Prof. 0.
Bruno - not supported by this contract].

ACCOMPLISHMENTS/NEW FINDINGS

As mentioned above, our work in computational electromagnetics has advanced
on several fronts, with an overall goal of developing efficient and accurate
algorithms for the simulation of scattering processes throughout the
electromagnetic spectrum. To this end, our program has been closely
coordinated with that of Dr. Bruno at Caltech (who will be reporting separately).
As a general guideline, we have followed a path of designing the different
components of a general computational suite in arvay so that the components
are themselves of intrinsic and immediate interest and applicability.

Examples of such components are those described in (1) and (2) above, dealing
with high-order integral-equation solvers for low-to-moderate frequencies, and
high-order spectral/finite-element schemes for the solution of approximate high-
frequency models. In connection with the former, as we said, we have
concentrated on the attainment of penetrable-scattering solvers that allow for a
high-order accurate treatment of scalar and vector models in possibly complex
backgrounds. These developments are being coordinated so as to be applicable
to the evaluation of electromagnetic scattering while, at the same time, allowing
for their use in the simulation of other wave phenomena (e.g. elastic wave
propagation). The latter use is serving the dual purpose of providing an
opportunity for technology transfer and of enabling experimental validations for
the resulting codes. These opportunities are being pursued in two concurrent
collaborative projects with scientists at Schlumberger-Doll Research (SDR) on
geophysical prospection and at the Ultrasound Research Laboratory at the Mayo
Clinic (Rochester, Minnesota) in the context of numerical modeling of vibro-
acoustography (UVA). Our collaboration with SDR has produced an efficient fully
three-dimensional integral-equation solver for (elastic) wave scattering off
inhomogeneous media that is based on a stress-velocity formulation, and which
incorporates acceleration and preconditioning schemes largely inspired by the
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work sponsored by the present contract. In relation with work on UVA, on the
other hand, our efforts to date have resulted in a preliminary simulation
framework (initially, for p-wave propagation) that is based on the solution of
integral equations, and alternatives based on hybrid combinations with
asymptotic numerical models (e.g. parabolic approximations). As we said, the
numerical approach relies on extensions of our previously designed algorithms,
and it can account for the complete experimental setup (i.e. the -high-frequency-
wave generation at the transducer, the propagation to the specimen, its localized
-nonlinear- excitation and the -low frequency- returns to the hydrophone); see
Figure 1.
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Figure 1. Experimental setup and image and preliminary numerical results for work on vibro-
acoustography.

Generally applicable solution strategies, such as those described above, for the
integral-equation formulation of scattering problems at moderate frequencies are
necessary, as we have explained, to allow for a uniformly efficient methodology
based on our new high-frequency integral-equation solvers (which reduce to
"classical" approximation methods as the frequency decreases). At the other
end, our work on new procedures for the solution of the GO model has also been
largely motivated by our high-frequency work, as our approach to the solution of
the integral equations in this case relies, in part, on knowledge of the phase of
the unknown surface currents as provided by the GO solution. In relation to the
latter, our effort focused on the simultaneous development of two alternative
techniques for its determination. Specifically, on the one hand, we have

6



developed a spectral/discontinuous-Galerkin method for the evaluation of wave-
fronts in "phase space" that allows for the accurate treatment of curved
boundaries which, as we have demonstrated, requires the use of specialized
curved elements; see Figure 2(a). On the other hand, our work on an alternative
spectral method based on "inverse ray-tracing" has resulted in two- and three-
dimensional implementations that enable the treatment of complex geometries. A
basic idea here relates to the use of fixed grids on the receiving portion of
surface, rather than on the emitting part as done in classical ray tracing, and on
the use of partitions of unity to permit the use of spectral interpolation schemes;
see Figure 2(b).

p 2  p3

4

0 X-

P4  p5

(a) (b)
Figure 2. (a) p-convergence history for a sample scattering calculation using an isoparametric
implementation of a spectral/discontinuous Galerkin method for the solution of the GO equations
in phase space. (b) first reflections for a sample scattering calculation using the spectral "inverse
ray-tracing" method (red and blue rays correspond to different -continuous- branches of the
multi-valued phase).

Finally, again, a significant portion of our efforts has been devoted to the most
ambitious part of our program relating to the design of rigorous solvers for high-
frequency scattering applications. Significant accomplishments were attained in
both (i) the implementation of a new, simple scheme for the simulation of three-
dimensional rough-surface scattering at high-frequencies that greatly improves
on the classical KA, at a very modest additional cost; and (ii) the design of a
more complex high-frequency scattering code for the treatment of general
bounded geometries that rigorously accounts for every effect, including
shadowing and multiple scattering. Specifically, in relation with the effort (i),
advances include: (1) the development of high-order asymptotic procedures for
the solution of the full electromagnetic problem at high frequencies in three space
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dimensions. The algorithms rely on high-order expansions of the surface current
in powers of the wavelength and on the recursive evaluation of the coefficients
through formulas derived from explicit asymptotic expansions of the integral
equation that defines it; (2) the development of a high-order scheme to deal with
surfaces that present multi-scale roughness. This procedure is based on the
integration of high-order boundary-variation methods (developed under a
previous AFOSR contract) with the high-order high-frequency rough-surface
solvers that result from (1). The former allow for the reduction of the overall
problem to a sequence of problems with high-frequency incidence on a slowly
varying surface (the smooth part of the original surface) which the latter are well-
suited to resolve. In addition, significant progress has been made towards (3) the
design and implementation of a more generally applicable rough-surface
scattering algorithm based on the ideas that were initially advanced in connection
with (ii) above. In contrast with the algorithms of (i) (where all integrations are
performed analytically), these rough-surface schemes rely on the evaluation of
the quasi-periodic Green's function (e.g. to apply suitable quadratures) whose
calculation is particularly challenging at high frequencies. Thus, a significant
portion of our efforts focused on the development of efficient and accurate
procedures to effect these evaluations. As a result, a new technique has
emerged which can be shown to outperform the state-of-the-art methodologies
that are currently available to this end.

The main focus of our work in connection with (ii) above, on the other hand, has
been on the design, analysis and implementation of the approach in the context
of scattering by two- and three-dimensional bounded obstacles. As we
mentioned, the methods are based on ideas of phase extraction, localized
integration, full resolution of shadowing transitions and iterative account of
multiple scattering effects. Advances in this connection include: (4) complete
implementations for the treatment of single-scattering configurations in two and
three dimensions (see Figure 3); (5) the realization of initial codes for the iterative
evaluation of multiple scattering effects that incorporate phase information as
derived from the GO solvers developed under this contract and described above;
(6) a complete analysis of the convergence of the multiple scattering iterations for
both scalar and vector models in two and three space dimensions. In particular,
for instance, we have demonstrated that the convergence at high frequencies is
uniform and determined solely by the geometry of interacting sub-scatterers (in
fact, as we have found, the rate depends only upon the minimum distance
among them and the curvatures and relative rotation of the principal axes of
curvature at the points that minimize this distance). The relevance of this analysis
goes beyond the theoretical as it enables some simple procedures to accelerate
the convergence of the multiple-scattering iterations. Moreover, we have also
shown that this convergence can be further accelerated through (7) the
implementation of more sophisticated iterative linear solvers to account for
higher-order reflections, and/or through (8) the development of suitable
preconditioning schemes, e.g. based on approximate inverses calculated via the
iterated KA. Finally, we have also realized (9) the design of entirely new and
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simplified approaches to both single- and multiple-scattering calculations. For the
former, the new implementation is still based on the solution of the integral
formulation of the scattering problem, but it relies on high-order high-frequency
expansions (such as those described under (i) above) to deal with the scatter off
illuminated regions, and on suitable mesh refinements and direct integration to
capture the effects of shadowing transitions. For multiple-scattering evaluations,
in turn, the new approach bypasses the need for iterative resolution of
successive reflections as it allows for their simultaneous determination based on
knowledge of the entire (multi-valued) GO solution. More precisely, the basic
idea here is to use a simple collocation procedure to determine the slowly varying
envelopes in a representation of the current as a sum of known, rapidly
oscillatory exponentials (with phases derived from the GO model) modulated by
unknown, smooth amplitudes.
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Figure 3. Sample high-frequency calculation for an obstacle with perimeter-to-wavelength ratio of
approximately 900, showing error-controllability. (a) Configuration and full numerical solution
(surface current); (b) Top: slow envelope for the current, numerical solution and errors for a
tolerance of 103; (c) Same as (b), with a tolerance of 10
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* Transitions

A collaborative project is ongoing with scientists at Schlumberger-Doll
Research (SDR) on the design and implementation of volumetric
scattering codes, inspired by the developments recounted here, for use
in relation to geophysical prospection. Our collaborators at SDR are
Dr. Aria Abubakar and Dr. Tarek Habashy. [Work with graduate
student J. Yang -supported by this contract-]

. A collaborative project is ongoing with the Ultrasound Research
Laboratory at the Mayo Clinic (Rochester, Minnesota). The objective of
the effort is to develop efficient and accurate scattering solvers to aid in
the development of "vibro-acoustography" (Science 280, pp. 82-85,
1998). The transition is based on suitable extensions and applications
of the numerical schemes developed under the present contract. Our
collaborators at the Laboratory Dr. James Greenleaf and Dr. Mostafa
Fatemi. [Work with graduate students J. Yang and Fanbin Bu -
supported by this contract-, and postdoctoral associate A. Malcolm -
not supported by this contract-].
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